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Introduction

Mathematics is a fundamental discipline that plays an essential role in the advancement
of science and technology (Melhuish et al., 2020; Thanheiser & Melhuish, 2023). It serves as
the foundation for reasoning, logical thinking, and problem-solving across all areas of
knowledge (Johnson et al., 2017; Mata-Pereira & da Ponte, 2017). In Indonesia, mathematical
competence is one of the main objectives of the national education curriculum. The National
Education System Law No. 20 of 2003 defines education as a conscious and planned effort to
develop students’ potential holistically, spiritually, intellectually, and socially. Mathematics,
therefore, contributes not only to intellectual development but also to the formation of
disciplined, analytical, and reflective individuals (Martinez-Lorca et al., 2023). This establishes
the philosophical and educational urgency of mathematics as a key component of national
education.

Mathematics is taught at every level of schooling (from elementary to senior high school)
and receives greater instructional time than other subjects (Kontorovich, 2021; Rich et al.,
2019). It remains closely related to everyday human activities and helps students make sense
of real-world phenomena through abstract reasoning (Wasserman, 2017). Mathematics is the
science of structures, order, and relationships involving fundamental processes such as
calculation, measurement, and the representation of objects (Lee et al., 2018). This definition
reflects the dual nature of mathematics as both an abstract system and a tool for understanding
the world. Thus, mathematics education must equip students not only with procedural skills but
also with meaningful conceptual understanding that can be applied in various contexts.

Education, in a broader sense, aims to develop human abilities and personalities through
teaching, guidance, and training that promote active interaction with the environment (Adu-
Gyamfi et al., 2019). Its ultimate goal is to prepare individuals to face future social and
professional challenges. Achieving this goal requires continuous improvement in educational
quality through curriculum refinement, enhancement of teacher competencies, and the
development of effective learning strategies (Pepin, 2021; Rezat et al., 2021). In this context,
improving the quality of instructional materials and learning models becomes an important step
toward ensuring meaningful and equitable learning for all students. This creates a direct link
between educational reform and innovation in classroom instruction.

In line with efforts to improve learning quality, learning materials play a crucial role in
supporting effective instruction. Learning materials are systematically designed resources that
help students achieve specific competencies stated in the curriculum. Learning materials as
structured content that directs learners toward competency mastery, while Sormunen et al.
(2020) emphasizes their central role in teaching and learning, which may take the form of text,
images, audio, or video. Dreyfus (2018) highlights the importance of systematic organization,
and Hughes et al. (2020) adds that they must be sequential and specific to promote independent
learning. Thahir et al. (2019) further explains that learning materials serve as instructional tools
that benefit both teachers and students when designed coherently.

To strengthen learning materials, one promising instructional model is the MURDER
model, Mood, Understand, Recall, Digest, Expand, and Review. This model helps students
recall and internalize concepts more effectively, fostering both comprehension and retention.
Research has shown that MURDER encourages creative thinking through open-ended problem-
solving and enhances metacognitive regulation of learning . It is typically implemented in small
cooperative groups, promoting active verbal and written communication among students.
However, Jossberger et al. (2025) notes that its application still lacks contextual problem
integration, which limits students’ ability to connect concepts to real-world situations. This
highlights the need for adaptation of the model within meaningful and contextualized learning
settings.
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In relation to this model, conceptual understanding serves as a key indicator of learning
success. It reflects the ability of students to explain mathematical ideas in their own words while
maintaining the original meaning (Chorney et al., 2024; Sengupta-irving & Agarwal, 2017).
Relational understanding enables learners to apply mathematical principles flexibly and
meaningfully to a variety of problems (Lee et al., 2018; Wilkie & Hopkins, 2024). When
instruction fails to provide appropriate guidance, misconceptions may persist and low self-
efficacy may reduce students’ performance and motivation (Khozaei et al., 2022). Thus,
strengthening students’ conceptual understanding becomes a critical aspect of improving
mathematics learning outcomes.

Preliminary observations and interviews with a mathematics teacher (Mrs. Dewi) at
SMAN 1 Batang Natal revealed that many students struggled to grasp mathematical concepts.
The main instructional material used was a standard textbook, which presented content too
briefly and lacked elaboration to foster deeper comprehension. During classroom observations,
students appeared disengaged; some talked to peers or used mobile phones during lessons. This
situation indicated low learning motivation and insufficient understanding of mathematical
concepts. Therefore, the existing materials and strategies are not yet effective in supporting
conceptual learning in mathematics.

Given these challenges, there is an urgent need to implement an instructional model that
can enhance students’ motivation and conceptual understanding. The MURDER collaborative
learning model, which integrates cognitive, metacognitive, and affective elements, offers a
comprehensive framework for improving comprehension and engagement. By emphasizing
structured learning phases, it provides students with opportunities to manage their emotions,
monitor their understanding, and review knowledge meaningfully. Consequently, this study
aims to develop and evaluate learning materials based on the MURDER model to improve
students’ conceptual understanding of mathematics, particularly in the topic of the sine and
cosine rules.

Method

Type of Research

This study employed a Research and Development (R&D) design aimed at producing a
valid, practical, and effective learning product and testing its effectiveness in improving
students’ conceptual understanding. The developed product was a mathematics learning module
based on the MURDER -collaborative learning model, Mood, Understand, Recall, Digest,
Expand, and Review, focused on the topic of the sine and cosine rules. The research adopted
the 4-D modelproposed, which includes four systematic stages: Define, Design, Develop,
and Disseminate. This formative type of research was intended not only to produce an
instructional product but also to refine it through iterative validation and testing to ensure
quality and usability.

Research Subjects

The study was conducted at SMAN 1 Batang Natal, located in Mandailing Natal
Regency, North Sumatra, Indonesia. The population comprised 120 students of Grade 10
during the 2023/2024 academic year. Two classes were selected as research samples: Class Q
(30 students) and Class P (28 students). Class Q served as the experimental group, which
received instruction using the MURDER-based learning module, while Class P served as the
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control group, taught using the conventional method. Data were also obtained from a
mathematics teacher and two subject-matter experts who participated as validators.

Instruments

Several research instruments were employed to gather both quantitative and qualitative
data. Validation sheets were used to evaluate the validity of the developed MURDER-based
mathematics learning module, with assessments conducted by experts in content, media, and
language. Student and teacher response questionnaires were administered to determine the
practicality of the module during classroom implementation. To measure the improvement in
students’ conceptual understanding, pre-tests and post-tests were given before and after the
learning process. In addition, observation sheets and interview guides were utilized during
the Define stage to identify instructional needs, learning difficulties, and classroom conditions.
All rating instruments adopted a five-point Likert scale, ranging from 1 (Strongly Disagree) to
5 (Strongly Agree), following the measurement standards proposed.

Procedures

The research procedures were carried out through four systematic stages based on the 4-
D development model: Define, Design, Develop, and Disseminate. In the Define stage, the
researcher identified learning problems through classroom observations and teacher interviews,
analyzed student characteristics, clarified learning objectives, and determined the content scope
related to the sine and cosine rules. The Design stage involved preparing test instruments,
organizing the sequence of learning materials, designing the module layout, and developing a
prototype aligned with the learning objectives and indicators. During the Develop stage, expert
validations of both the instruments and the learning module were conducted, followed by
revisions based on expert feedback. Field trials were then implemented to examine the module’s
practicality and effectiveness by administering pre-tests and post-tests, collecting student
responses, and obtaining teacher and expert evaluations. Finally, in the Disseminate stage, the
validated module was packaged into a printed guidebook and introduced to teachers and schools
through limited distribution, accompanied by documentation and user feedback evaluation to
guide further refinement and adoption.

Analysis

The data analysis in this study consisted of four main components: validity, practicality,
effectiveness, and conceptual understanding. The validity analysis was based on expert
evaluations using the formula

n
P:NX100%

where P represents the percentage of validity, n is the total score obtained, and N is the
ideal maximum score. The interpretation followed Sugiyono’s (2014) classification, in which
81-100% indicates Highly Valid, 61-80% Valid, 41-60% Moderate, 21-40% Less Valid, and
0-20% Invalid.

The practicality analysis was determined from student and teacher response
questionnaires using the formula

Total obtained score
P = : , x 100%
Maximum possible score
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Scores ranging from 81-100% were classified as Highly Practical, 61-80% as Practical,
41-60% as Moderately Practical, 21-40% as Less Practical, and below 20% as Not Practical .

The effectiveness analysis employed Akbar’s (2017) formula

NPr =

Se
X 100%
X

where TSe is the total score obtained by students and TSmax is the maximum score. The
results were categorized as Highly Effective (§81-100%), Effective (61-80%), Less
Effective (41-60%), and Not Effective (below 40%).

The conceptual understanding analysis used the normalized gain (N-Gain) formula by:

N . = Spost - Spre
94 =100 — Spre

where Sy, and Sy, represent the average pre-test and post-test scores, respectively. The
N-Gain values were interpreted as High (N-g > 0.7), Moderate (0.3 < N-g <0.7), and Low (N-
g < 0.3). All quantitative data were processed using Microsoft Excel, while qualitative data
from interviews and observations were analyzed descriptively to strengthen and contextualize
the interpretation of the findings.

Results

This research was conducted at SMAN 1 Batang Natal, located in Mandailing Natal
Regency, North Sumatra, with Grade 10 science students (n = 30). The study adopted
a Research and Development (R&D) approach using the 4-D model (Define, Design, Develop,
and Disseminate) by Thiagarajan et al. (1974). The product developed was a mathematics
learning module based on the MURDER collaborative learning model (Mood, Understand,
Recall, Digest, Expand, Review) focused on the sine and cosine rules. The research aimed to
test the validity, practicality, and effectiveness of the module, as well as its impact on students’
conceptual understanding. The study took place over six weeks during the 2023/2024 academic
year.

Three groups of experts evaluated the validity of the developed MURDER-based
mathematics module, consisting of content experts, media experts, and language experts. The
content experts provided an average score of 88.2%, indicating that the module’s material,
structure, and alignment with learning objectives were highly appropriate. The media experts
awarded a mean score of 92.5%, showing that the design, layout, and visual presentation of the
module were clear, engaging, and effectively supported learning activities. Meanwhile, the
language experts gave a score of 85.5%, suggesting that the language used in the module was
communicative, grammatically correct, and suitable for the students’ level of comprehension.
Overall, the module achieved a mean validity score of 88.7%, which falls under the Highly
Validcategory based on Sugiyono’s (2014) criteria. These results confirm that the developed
module meets academic and pedagogical standards and is ready for implementation in
classroom learning.

Table 1. Expert Validation Results
Aspect Evaluated Expert1 Expert2 Mean (%) Category

Content 88.2 88.2 88.2 Highly Valid
Media 92.0 93.0 92.5 Highly Valid
Language 86.0 85.0 85.5 Highly Valid

Overall Mean 88.7 Highly Valid
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These results indicate that the module content aligns well with curriculum standards, the
design layout and visuals are clear and attractive, and the language used is communicative and
age-appropriate. The addition of multimedia links in the Mood phase and the inclusion of more
contextual examples were among the key improvements suggested by validators. After
revisions, experts agreed that the MURDER-based module could be implemented in classroom
instruction effectively.

The practicality test was conducted by distributing student response questionnaires to 30
students after the trial phase. Each questionnaire contained ten statements rated on a five-point
Likert scale. The total mean score was 82%, classified as Highly Practical (see Table 2).

Table 2. Practicality Scores from Student Responses
Range (%) Category Mean Score (%) N (Students)
81-100 Highly Practical 82.0 30

Students reported that the learning instructions were easy to follow, the module helped
them recall previous material, and the examples were relevant to real-life situations. Teachers
also observed that the six-step structure (Mood—Understand—Recall-Digest—Expand—Review)
facilitated classroom management and group interaction. These findings demonstrate that the
developed module is user-friendly and suitable for both individual and collaborative learning
settings.

Effectiveness was determined using achievement tests (post-test) administered after the
module implementation. Each test contained four problem-solving items related to the sine and
cosine rules. The mean score obtained by students was 83.6%, which falls into the Highly
Effective category (see Table 3).

Table 3. Summary of Student Achievement Scores
Mean Score (%)  Standard Category Description
83.6 81-100 Highly Effective

The result indicates that students were able to apply both the sine and cosine rules
accurately in various contextual problems. Compared with the pre-test results (mean = 42.5%),
students’ understanding of geometric relationships improved significantly. This suggests that
the module not only enhanced procedural fluency but also strengthened conceptual
understanding. Teachers noted fewer computational errors and more logical explanations in
student answers, especially in determining the correct rule based on triangle type. To measure
improvement in conceptual understanding, the normalized gain (N-Gain) was calculated using
formula. The average pre-test score was 42.47, and the average post-test score was 79.53,
resulting in an N-Gain value of 0.81 (see Table 4).

Table 4. N-Gain Results of Students’ Conceptual Understanding
Variable Pre-test Mean Post-test Mean N-Gain Category
Conceptual Understanding  42.47 79.53 0.81 High

The N-Gain value of 0.81 indicates ahigh level of improvementin conceptual
understanding after using the MURDER-based module. Students could now explain the
relationship between sides and angles in non-right triangles, determine when to use the sine or
cosine rule, and justify their solutions. The structured phases, particularly Digest and Expand,
helped students integrate new concepts into prior knowledge. This suggests that metacognitive
reflection within the module supported deeper conceptual reasoning.

When analyzed collectively, the validity, practicality, effectiveness, and N-Gain data
confirm that the developed module meets the criteria for a high-quality learning product. The
validity score (88.7%) demonstrates content alignment and expert approval, while the
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practicality score (82%) shows ease of use and learner engagement. The effectiveness score
(83.6%) confirms positive learning outcomes, and the N-Gain of 0.81 evidences significant
cognitive improvement. Together, these findings imply that integrating the MURDER learning
model into trigonometry lessons can meaningfully enhance students’ conceptual understanding
through structured reflection and collaboration.

Validation Results Practicality Results
(Module Validity) (Student Response Questionnnairee)

Content Experts _ 88.2%
Media Experts _ 92.5%
Language Experts_ 85.5%

Overall Validity [} 88,7%

Teacher observation:
Positive feedback
(supports engagement
and clarity)

Highly Practicall Highly Practical

Effectiveness Results Conceptual Understanding
(Learning Outcomes) (N-Gain Analysis)
80%
83.6%
602 Highly :
40% Effectivee /
0,
20% 22 Low High
Pre-Test Post-Test O 0 8 1
Mean Score Mean Score

Figure 1. Research Findings

Table S. Summary of Research Findings

Aspect Evaluated Indicator of Mean Category Interpretation
Measurement Score
(%)
Validity Expert judgment (Content, 88.7 Highly Module meets quality and
Media, Language) Valid content standards
Practicality Student response 82.0 Highly Easy to use and engaging
questionnaire Practical
Effectiveness Post-test achievement 83.6 Highly Improves student
Effective performance
Conceptual N-Gain Analysis 0.81 High Significant improvement in
Understanding conceptual mastery

The results summarized in the Table 5 anda Figure 1 demonstrate that the MURDER-
based mathematics learning module fulfills all major criteria for a high-quality educational
product. The high validity score confirms that the module’s content, media, and language align
well with pedagogical standards and learning objectives. The practicality score shows that both
students and teachers found the module easy to implement and engaging during classroom use.
The effectiveness data, supported by strong post-test results, indicate that the module
successfully enhanced students’ performance in applying the sine and cosine rules. Finally, the
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high N-Gain value highlights a substantial improvement in students’ conceptual understanding,
suggesting that the structured MURDER phases effectively facilitated deeper and more
meaningful learning. Collectively, these findings affirm that the developed module is suitable
for broader implementation in mathematics education to foster both conceptual mastery and
active student participation.

Discussion

The results of this study reveal that the MURDER-based mathematics learning module
does more than improve students’ scores, it transforms the way they engage with mathematical
ideas. The validation process confirmed that the module’s design successfully integrates clarity,
coherence, and visual appeal. Experts noted that the structure of explanations and examples
supports gradual concept formation, enabling students to move beyond memorization toward
understanding. The language and layout encourage active exploration rather than passive
reading, which is crucial for fostering curiosity and independent reasoning in mathematics
learning. In classroom implementation, both teachers and students experienced a shift in
learning dynamics. The module helped create a more interactive and reflective classroom
atmosphere, where students were not merely recipients of information but participants in
constructing meaning. Teachers reported that the MURDER sequence guided the flow of
lessons naturally, from emotional readiness to deeper conceptual reflection.
The Mood and Understand phases, for instance, played an essential role in focusing students’
attention and preparing them to engage cognitively (Thahir et al., 2019).
The Recall and Digestphases supported  reconstruction  of  prior  knowledge,
while Expand and Review nurtured self-assessment and collaboration. This cyclical movement
aligns with theories of metacognition, where learning occurs through continuous monitoring,
regulation, and evaluation of thought processes.

One of the most significant transformations observed lies in students’ reasoning. Before
the module’s use, many tended to apply formulas mechanically. During the learning process,
however, students began articulating the logic behind their choices, why a sine rule fits certain
triangle conditions or how cosine connects to spatial relations (Chorney et al., 2024; Kaiser et
al., 2025; Sengupta-irving & Agarwal, 2017). This change suggests that the module not only
improved comprehension but also cultivated relational understanding, a hallmark of genuine
mathematical thinking. Such reasoning development reflects the essence of conceptual
learning: students internalize structures of thought, not just procedural patterns.

The collaborative design of the module also played a crucial role. Working in small
groups encouraged peer explanation, negotiation of meaning, and the correction of
misconceptions (Sormunen et al., 2020). Through this interaction, students’ understanding
became more stable and transferable (Walkington et al., 2024; Xie & Masingila, 2017). The
teacher’s role shifted toward facilitation, asking probing questions, guiding reflection, and
providing scaffolds when necessary (Losano et al., 2018; Olsher et al., 2025). This approach
resonates with social constructivist principles, where knowledge emerges through dialogue and
shared problem-solving. The MURDER model, therefore, does not simply deliver content; it
orchestrates a learning culture that values exploration, communication, and mutual
understanding.

Another noteworthy insight concerns students’ attitudes. Many learners who previously
viewed trigonometry as abstract and intimidating began to approach it with curiosity.
The Mood phase, which involves emotional readiness and motivation, seemed to reduce
anxiety and create a sense of ownership over the learning process (Khozaei et al., 2022;
Rogowska et al., 2022). When emotional engagement is sustained throughout the lesson,
cognitive engagement naturally deepens. Students started to associate mathematical activity
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with satisfaction and confidence rather than pressure and confusion. This emotional-cognitive
balance, often overlooked in traditional instruction, became a key driver of conceptual progress.

Finally, the overall learning process demonstrated that structured reflection is
indispensable in mathematics education. The final Review stage allowed students to re-
examine their reasoning, identify conceptual gaps, and articulate new insights. This reflective
closure helped solidify their understanding and prepare them for independent application. The
emphasis on reflection distinguishes the MURDER model from conventional task-oriented
methods (Kaiser et al., 2025; Liljekvist et al., 2017). It bridges the gap between doing
mathematics and thinking mathematically, positioning reflection as both the means and the goal
of learning. In essence, the implementation of the MURDER model redefined learning as a
dialogic and reflective process. The module empowered students to think critically, express
reasoning clearly, and view mathematics as a meaningful human activity (Simon et al., 2018).
It demonstrated that effective learning design does not depend solely on the quantity of
exercises or content coverage but on the quality of cognitive engagement it promotes. This
depth of engagement (emotional, social, and intellectual) represents the true success of the
module and signals a promising direction for future mathematics pedagogy.

Conclusion

This study demonstrates that the development and implementation of a MURDER-based
mathematics learning module can significantly enhance the depth and quality of students’
learning experiences. The module, structured around the six interrelated phases proved to be
more than a sequence of instructional steps; it became a framework for cultivating reflective,
collaborative, and conceptually rich learning. Through its use, students were guided to think
more critically, articulate their reasoning, and connect abstract trigonometric concepts with
meaningful understanding. The study found that the MURDER model effectively integrates
cognitive and metacognitive processes. Students were not only able to apply mathematical
procedures but also to explain the logic behind them. This shift from procedural repetition to
relational comprehension represents a transformation in the way learners internalize
mathematical ideas. The emotional readiness fostered during the Mood phase and the self-
reflection embedded in the Review phase supported a continuous process of awareness,
adjustment, and understanding.

Furthermore, the collaborative design of the module encouraged peer dialogue and shared
construction of meaning, enabling students to correct misconceptions and strengthen reasoning
through interaction. Teachers, in turn, were able to transition from the role of information
providers to facilitators of thought, guiding students’ inquiry and reflection. This collaborative
metacognitive structure nurtured both intellectual growth and a positive disposition toward
mathematics learning. Overall, the MURDER-based module has proven to be a valid, practical,
and effective innovation for mathematics instruction, particularly for topics requiring
conceptual precision such as the sine and cosine rules. Its emphasis on emotional engagement,
structured reflection, and collaborative reasoning offers a model for fostering higher-order
thinking in mathematics classrooms. The study concludes that sustainable improvement in
mathematical understanding emerges not from increased content exposure, but from learning
environments that make students active participants in constructing, testing, and refining their
own ideas.
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